Abstract. We classify, up to isomorphism and up to equivalence, division gradings (by abelian groups) on finite-dimensional simple real algebras. Gradings on finite-dimensional simple algebras are determined by division gradings, so our results give the classification, up to isomorphism, of (not necessarily division) gradings on such algebras.
Introduction
Consider a finite-dimensional simple real algebra (here by algebra we always mean associative algebra). The Theorem of Artin-Wedderburn states that it is isomorphic to a matrix algebra over a finite-dimensional division real algebra. On the other hand, Frobenius' Theorem characterizes the latter; it says that any finitedimensional division real algebra is isomorphic to R, C or H. Both theorems assure the uniqueness, so they classify these algebras.
A graded algebra is said to be a graded division algebra if it is unital and every nonzero homogeneous element has an inverse. In [5, Corollary 2.12 ] (see also [2, 3, 7] ) an analogue of Artin-Wedderburn's Theorem for graded simple algebras is proved: they are, roughly speaking, graded matrix algebras over graded division algebras. This gives a classification up to isomorphism of gradings. The difficulty of studying the equivalence classes if the grading is not fine is illustrated in [5, Examples 2.40 and 2.41]. The classification will be completed if an analogue of Frobenius' Theorem for gradings is given, that is, if the graded division algebras are classified. This is done in [5, Theorem 2.15] for the case in which the ground field is algebraically closed; in this paper we will do it for the real case. Therefore, the results in this text give a complete classification of the isomorphism classes of gradings on finite-dimensional simple real algebras.
The goal of this text is to classify, up to isomorphism and up to equivalence, division gradings (by abelian groups) on finite-dimensional simple real algebras. This is achieved in Theorems 15, 16, 19, 22 and 23. We advance in Section 3 a list of the equivalence classes. The center of the algebra plays a key role; this is the reason to distinguish between the cases of M n (R) and M n (H) and the case of M n (C).
The homogeneous components of these gradings have the same dimension, which is restricted to 1, 2 or 4 (see Section 2) . The former case is analyzed in Section 5. The situation is very similar to that of the complex field, but the isomorphism classes are in correspondence with quadratic forms over the field of two elements, instead of alternating bicharacters, because of the lack of roots of unity in the real numbers. Section 4 is devoted to quadratic forms. As a curiosity, we obtain an alternative proof that the Arf invariant over the field of two elements is well defined, working with algebras in characteristic 0.
Finally in Section 6 we study the remaining case of homogeneous components of dimension 2 or 4. We have two tools to reduce the problem to the previous case. The first is Proposition 20, which states that these gradings are not fine. The second is the Double Centralizer Theorem.
In the recent preprint [4] (simultaneous to our preprint [8] ), a classification up to equivalence of the division gradings on finite-dimensional simple real algebras has been considered. We solve, using different methods, the problem of classification both up to equivalence and up to isomorphism.
Background on gradings
In this section we review, following [5] , the basic definitions and properties of gradings that will be used in the rest of the paper.
Definition 1.
Let D be an algebra over a field F, and let G be a group. A Ggrading Γ on D is a decomposition of D into a direct sum of subspaces indexed by G:
So that for all g, h ∈ G:
If such a decomposition is fixed, we refer to D as a G-graded algebra. The support of Γ is the set supp(Γ) := {g ∈ G | D g = 0}. If X ∈ D g , then we say that X is homogeneous of degree g, and we write deg(X) = g. The subspace D g is called the homogeneous component of degree g.
Note that, if D is a G-graded algebra and D

′
is an H-graded algebra, then the tensor product D⊗D ′ has a natural G×H-grading given by (D⊗D
, for all g ∈ G, h ∈ H. This will be called the product grading.
A subalgebra F of a G-graded algebra D is said to be graded if
There are two natural ways to define an equivalence relation on group gradings, depending on whether the grading group plays a secondary role or it is a part of the definition. 
h . If for some g ∈ G this inclusion is strict, then we will speak of a proper refinement or coarsening. A grading is said to be fine if it does not admit a proper refinement.
Definition 5.
A graded algebra is said to be a graded division algebra if it is unital and every nonzero homogeneous element has an inverse.
If D is a G-graded division algebra, then I ∈ D e , where e is the neutral element of G and I the unity of D. Remark 6. The neutral component D e of a graded division algebra D is a division algebra. Also, if X t ∈ D t is nonzero, then D t = D e X t ; therefore all the (nonzero) homogeneous components of the grading have the same dimension. In our case D will be finite-dimensional and the ground field will be the real field R, so this dimension will be 1, 2 or 4 depending on whether D e is isomorphic to R, C or H.
Equivalence classes
In this section we present a list of representatives of the equivalence classes of all division gradings (by abelian groups) on finite-dimensional simple real algebras, that is, on M n (R), M n (H) and M n (C). Such gradings only exist if n = 2 m for some integer m ≥ 0 (with the exception of M n (C) and its gradings as a complex algebra). The proof that it is an exhaustive list with no redundancy of the equivalence classes, together with the classification up to isomorphism, will be given in Sections 5 and 6. We will need the following building blocks.
Example 7. We have the following Z 2 2 -division grading on H:
And on M 2 (R) (also with the grading group Z 2 2 ):
C has a natural Z 2 -division grading:
Also, we can define the following division grading on M 2 (C) by the group
Where
Example 8. We have the following division gradings on H, M 2 (R) and M 2 (C) with supports Z 2 , Z 2 and Z 4 , respectively (they are obtained as coarsenings of (1), (2) and (4), respectively):
Where ω := e iπ/4
. They are determined by the fact that there exists an X ∈ D1 such that XJ = −JX and either X (1) Homogeneous components of dimension 1. Here all the copies of M 2 (R), H, C and M 2 (C) are graded as in Example 7.
× Z 4 , and n ≥ 2. (2) Homogeneous components of dimension 2. Here the first factor in each tensor product is graded as in Example 8; the other factors are graded as in Example 7.
, and n ≥ 2.
× Z 4 , and n ≥ 2. (f) Gradings on M n (C) as a complex algebra (see Remark 18). (3) Homogeneous components of dimension 4. Here the first factor in each tensor product (which is always H) is graded by the trivial group; the other factors are graded as in Example 7.
, and n ≥ 4.
× Z 4 , and n ≥ 4. Since the dimension of the homogeneous components and the universal grading group are invariants of the equivalence classes of gradings, it is clear that the gradings in the above list are pairwise nonequivalent, with the possible exceptions of the pair (2).(c) and (2) .(f), and the pair (2).(d) and (2) .(e), which are studied in Section 6.
Quadratic forms
We will classify the isomorphism classes of division gradings in terms of the maps that we present in this section. If the homogeneous components have dimension 1 or 4, the isomorphism classes are in correspondence with quadratic forms over the field of two elements.
Let T be an abelian group, an (R-valued) alternating bicharacter is a map β :
which is multiplicative in each variable and satisfies β(t, t) = 1 for all t ∈ T .
Given an elementary abelian 2-group T ∼ = Z 2 × . . . × Z 2 , we may think of it as a vector space over the field F 2 (= Z 2 ). Recall that a quadratic form on T is a map
Note that the first condition is equivalent to µ(0) = 0; and that this implies that β is alternating, that is, β(t, t) = 0 for all t ∈ T . The quadratic form µ is regular if one of the following conditions holds: either rad(β) = {t ∈ T | β(u, t) = 0, ∀u ∈ T } is zero, or dim(rad(β)) = 1 and µ(rad(β)) = 0. It will be convenient for us to say that µ has type I in the first case and type II in the second, and to call the generator of rad(β) (for type II) the semineutral element of the group.
Actually, we will use multiplicative versions, so in what follows the relation between a quadratic form µ : T −→ {±1} and its associated alternating bicharacter β : T × T −→ {±1} will be given by:
Note that µ(e) = +1 is equivalent to β being alternating. Remark that µ has type I if rad(β) = {t ∈ T | β(u, t) = +1, ∀u ∈ T } = {e}; while it has type II if there exists a semineutral element f ∈ T such that µ(f ) = −1 and rad(β) = {e, f }.
Given an alternating bicharacter β :
, where the abelian group T is not necessarily an elementary abelian 2-group, we will also say that it has type I or II (and semineutral element) if its radical satisfies the previous conditions (rad(β) = {e} for type I, and rad(β) = {e, f } for type II). Note that if T is finite, β(u, v) is a root of unity for any u, v ∈ T , so β(u, v) is either +1 or −1. × Z 4 . We define S as the set of those u ∈ T \ {f } of order 2 such that for all v ∈ T of order 2 we have β(u, v) = +1. If u ∈ S, then β(u, w) = −1 for all w ∈ T of order 4, because u ∈ rad(β) and the difference of two elements of T of order 4 is an element of order 2. So S has at most two elements. has only two elements, its generator f is a distinguished element of the group. If we consider an alternating bicharacter β on T of type II, the semineutral element will be f .
Proposition 9. Let β be an alternating bicharacter on a finite abelian group T . We say that a family {a
The presence of β also defines two more distinguished elements, the members of rad(β| T2×T2 ) \ rad(β). Indeed, with the notation of the previous proposition, they are a m and a m f . Moreover, if the restriction to T 2 × T 2 of β is associated to a quadratic form µ such that µ(f ) = −1, then µ takes the value +1 on one of them and −1 on the other; so they are determined completely by the pair (β, µ). 
It is well known (see for example [9, Corollary 9.5]) that Arf(µ) is the value which is assumed most often by µ; therefore, the definition does not depend on the choice of the symplectic basis. Actually, the proof of Theorem 15 below provides an alternative proof of the fact that the Arf invariant is well defined.
If the dimension of the homogeneous components is 2, the situation is more complicated. We will now define the objects that are in correspondence with the isomorphism classes of gradings. 
Lemma 12. Let T be a finite abelian group, K an index 2 subgroup of T , and
As it happens with the Arf invariant, this lemma follows from the proof of Theorems 22 and 23. Anyway, we give a direct proof.
Proof. Let g, h ∈ T \ K, and assume that µ g is a quadratic form. Call β its associated alternating bicharacter. The first assertions follow from the following formula (k ∈ K):
Indeed, as β is bimultiplicative, µ h is also a quadratic form with the same β. While if µ g has type II with semineutral element f , then µ g (f ) = −1, so also
Finally suppose that the quadratic forms have type I. Arf(µ g ) is the value which is assumed most often by µ g . And ν(gk) = ν(g)µ g (k) for all k ∈ K. Therefore ν(g)·Arf(µ g ) takes the value which is assumed most often by ν, which is independent of g ∈ T \ K.
Definition 13. With the notation of the previous lemma, we will say that ν is a nice map if the µ g are quadratic forms; that it is regular or that it is of type I or II if so are the µ g ; and, in the case of type I, that it is positive or negative if the value of ν(g) · Arf(µ g ) is +1 or −1, respectively. Also, we will speak of the semineutral element of ν (when ν has type II) referring to that of the quadratic forms µ g .
Fine gradings
In this section we classify the division gradings whose homogeneous components have dimension 1 (see Remark 6) . As mentioned in the Introduction, the situation is very similar to that of the complex field, but the isomorphism classes are in correspondence with quadratic forms over the field of two elements, instead of alternating bicharacters, because of the lack of roots of unity in the real numbers. Later on, we will see in Proposition 20 that these are precisely the fine gradings.
The center of the algebra will play a key role in the following arguments. It will force us to differentiate between the case of M n (R) and M n (H) and the case of M n (C). Proof of Theorems 15 and 16. Let T be the support of the grading. For each t ∈ T , we pick X t ∈ D t so that X e is the unity I and X |t| t = ±I. We also define β : T × T −→ R × by the equation:
, the isomorphism classes of such gradings are in one-to-one correspondence with the pairs (T, µ) formed by a subgroup T of G isomorphic to Z
Notice that β does not depend on the choice of the X t and that it is an invariant of the isomorphism class of the grading. Now we check that β is an alternating bicharacter. For that purpose, we define σ :
On the one hand:
But on the other hand:
Therefore β is multiplicative in the first variable, and likewise in the second; so β is an alternating bicharacter. Moreover, it has type I or II depending on the center of D (remember that, if D ∼ = M n (C), then iI is homogeneous). Therefore Proposition 9 gives us the condition on the group T and, by dimension count, on n.
We define µ : T 2 −→ {±1} by the equation:
Remark that µ is independent of the choice of the X t , and that it is another invariant of the isomorphism class of the grading. Note that
We claim that µ is a quadratic form whose associated alternating bicharacter is the restriction of β to
, and we have proved the claim. Also remark that, if D ∼ = M n (C) and we denote by f = deg(iI) the semineutral element, then µ(f ) = −1.
As the homogeneous components have dimension 1, the isomorphism class of the grading is completely determined by (8) and (9) . Conversely, we are going to find a graded division algebra for a given datum (T, µ) or (T, µ, β).
In order to do this, we need to recall Example 7. For the gradings in Equations (1) and (2) we get the same alternating bicharacter β : Z 
And all the other values equal to 1. This is the unique nontrivial alternating bicharacter on Z 2 2 . However, for H the quadratic form µ :
While for M 2 (R) is:
Permuting a, b, c we get two more quadratic forms of type I; and a simple computation tells us that these four are all the possible quadratic forms on Z 2 2 such that its associated alternating bicharacters are nontrivial. Remark also that, for the grading in Equation (4), the quadratic form µ : a, b 2 −→ {±1} is:
Let µ be a quadratic form of type I (on T ∼ = (Z with nontrivial associated alternating bicharacter. As µ is determined by β and its  values on a 1 , b 1 , . . . , a m , b m , we can choose as the graded algebra (after reordering the indexes i):
Where each copy of M 2 (R) is graded as in Equation (2) and each of H as in Equation (1 
Where each copy of M 2 (R) is graded as in Equation (2) and C as in Equation (3). 
Where each copy of M 2 (R) is graded as in Equation (2) and M 2 (C) as in Equation (4) .
Note that we have proved the assertion about the equivalence classes for D ∼ = M n (C). For D ∼ = M n (R) or M n (H) it is enough to show that all the gradings as in Equation (10) 
we rename the elements of the group, so they are equivalent.
Remark 17. Given an alternating bilinear map β : V × V −→ F on a finitedimensional vector space V over a field F of characteristic 2 of maximal rank (so β is nondegenerate if dim(V ) is even and its rank is dim(V ) − 1 if dim(V ) is odd), β is unique up to isometry, and this implies that there is a basis {e 1 , . . . , e r } of V such that β(e i , e j ) = 1 for any i = j. Now, given a fine grading on an algebra D as in Theorem 15 or Theorem 16.
(1), this shows that there are elements e 1 , . . . , e r that generate the support of the grading with β(e i , e j ) = −1 for any i = j, where now β is the associated alternating bicharacter of the quadratic form µ attached to the grading (the notation is multiplicative now). Take X i ∈ D ei with X 2 i = µ(e i )I (µ(e i ) ∈ {±1}), for i = 1, . . . , r. Then X 2 i = ±I for any i, X i X j = −X j X i for any i = j, and the elements X 1 , . . . , X r generate D.
We conclude that D is graded isomorphic to the Clifford algebra of a nondegenerate quadratic form of signature equal to |{i : 1 ≤ i ≤ r, µ(e i ) = +1}|, on an r-dimensional real vector space, where the grading on the Clifford algebra is induced by a grading on the vector space (see [1, Proposition 2.2]).
Coarsenings
As mentioned in the Introduction, we have two tools to reduce the study of division gradings with homogeneous components of dimension 2 or 4 to the case of dimension 1 (see Remark 6) . The first is that our gradings come from coarsenings. The second is the Double Centralizer Theorem.
Remark 18. If the real algebra D is isomorphic to M n (C) and it is graded so that its neutral component D e is isomorphic to C, then it can happen that D e coincides with the center of the algebra. In that case, the grading can be regarded as a grading of the complex algebra M n (C). The classification of division gradings on M n (C) over the complex field is in [5, Theorem 2.15]. The isomorphism and equivalence classes that gives this classification remain the same over the real field, because the invariants that differentiate them are also preserved by isomorphisms of real algebras. In the sequel we will study the remaining case D e = Z(D).
Consider a finite-dimensional simple real algebra D graded by an abelian group so that its neutral component D e is isomorphic to H, which is central simple. Then, the Double Centralizer Theorem (see for instance [6, Theorem 4.7] ) tells us that C D (D e ) is also a simple algebra and that there is a natural isomorphism of algebras
As D e is (trivially) graded, so is its centralizer; hence the previous isomorphism is an isomorphism of graded algebras. Therefore the classification of gradings on M n (R), M n (C) and M n (H) making the algebra a graded division algebra with homogeneous components of dimension 4 reduces to that of dimension 1 of M n/4 (H), M n/2 (C) and M n (R), respectively. We summarize this argument as follows: Proof. Our idea is to find a homogeneous element X such that X 2 ∈ Z(D) and which does not commute with D e . Then we can consider the inner automorphism
, and satisfies τ (D t ) ⊆ D t for all t ∈ T , because X is homogeneous. Therefore we can split the homogeneous components as direct sum of subspaces:
Clearly this defines a refinement of the grading by the group Z 2 × T . The refinement is proper, since X does not commute with D e , and it remains a division grading, so necessarily all the homogeneous components have the same dimension and the support is the whole Z 2 × T .
If the division algebra D e is isomorphic to H, we can take as X any nonzero element of trace zero of D e . So assume that D e = RI ⊕ RJ ∼ = C, where I is the unity of D and J 
For the last assertion, note that X ′ = (aI + bJ)X for some a, b ∈ R. Moreover, X defines a refinement of the grading with support h × T (where h has order 2) and such that the homogeneous elements of degree in {e} × T commute with X, while those of degree in {h} × T anticommute with X. argue as before to decompose D in the form:
Theorem 22. Let G be an abelian group, and D a real algebra isomorphic to M n (R) (respectively M n (H)). If there is a division G-grading
The only difference with the previous cases is that we can only define ν on T 2 \ (K ∩ T 2 ). To determine the isomorphism class of C D (D e ⊕ D g ) we need also its associated alternating bicharacter, β : K × K −→ {±1} (see Theorem 16. (2)). β is an invariant because it comes from the commutation relations of the D e -algebra C D (D e ), that is, it is defined by the following equation:
Finally we are going to prove 23.
and supp(C D (D e )) = T 2 . Fix a g ∈ T \ T 2 , and a subgroup A of T 2 such that T 2 ∼ = f ×A, which is equivalent to T ∼ = g ×A. Note that g 2 = f , and that f is the degree of iI, because the grading comes from a coarsening (see Remark 10, Lemma 14 and Theorem 16). For any t ∈ T \ T 2 and 0 We will prove later that we can decompose D as:
) is graded as in Equation (7) with support g . If µ : A −→ {±1} is the quadratic form (of type I) associated to F , then ν(ga) = ν(g)µ(a) for all a ∈ A; therefore µ is the restriction of µ g to A and [ν] determines the isomorphism class of D. Now we are going to show that ν is a nice map of type II with semineutral element f . We can consider the element iI, which has degree f , to obtain: For all a ∈ A, ν(gf a) = −ν(ga), and so µ g (f a) = −µ g (a).
Define β :
(for all u, v ∈ T 2 ). We know that the restriction of β to A×A is an alternating bicharacter of type I, and applying (13) we check that β(f a 1 , f a 2 ) = β(f a 1 , a 2 ) = β(a 1 , f a 2 ) = β(a 1 , a 2 ) for all a 1 , a 2 ∈ A. Therefore β is an alternating bicharacter of type II with semineutral element f . Finally we note that µ g (f ) = −1, because of (13).
Reciprocally, there is a graded division algebra for a given [ν]: Up to isomorphism, it is either M 2 (C) ⊗ M n/2 (R) or M 2 (C) ⊗ M n/4 (H), where M 2 (C) is graded as in Equation (7) with support g , and the grading of M n/2 (R) or M n/4 (H) is defined by the restriction to A of the associated quadratic form of ν in g (the associated quadratic forms of ν and −ν coincide). Indeed, if ν (that is, the direct sum of the homogeneous components of the refinement of degree in A), which is also a graded subalgebra relative to our original grading.
As the homogeneous elements that commute with J are those whose degree has order 1 or 2, and J has degree h in this new grading, h, f ⊆ rad(β ′ Moreover, the homogeneous elements of degree in {e} × g × A ≤ T ′ commute with X, so X ∈ C D (F ); while those of degree in h × f × A ≤ T ′ commute with J, so also J ∈ C D (F ). We deduce that the support of C D (F ) is g ≤ T and that C D (F ) is isomorphic to M 2 (C) graded as in Equation (7) 
